parameters p == (x^, .. .,xJ of ^x,p a^ a subset A c: {1,...,^} such that the ideal I(E)p of E is generated by n^\Xi. Such a regular system of parameters is called «suited for E at P». We shall denote e(E,P) = # A .
Let us denote by Sx[E] the sheaf of the « germs of vector fields tangent to E », which is given by A unidimensional distribution 2 over X will be called « adapted to E » iff 2 c: Sx [E] . The « adaptation » (^,E) = Q) n 5x[E] of a unidimensional distribution is also a unidimensional distribution. Let us assume that 2 is adapted to E and let us denote by ag(^) the double orthogonal of Q) with respect to the natural pairing between Sx[E] and its dual sheaf. Let us remark that if E = 0, then 5x[0] = 5x and a = a0. If EI is another normal crossings divisor with E^ =) E, then (1. 2.3) a^,Ei) = ((XE(^,E),EO for each unidimensional distribution Q. Finally, 2 is said to be « multiplicatively irreducible and adapted to E » iff Q> = (XE(^,E) .
Assume that 2 is adapted to E, then Q) = ^(2) iff for each closed point P, ^p is generated by If EcEi, we have ((^,Ei),E) = (^,Ei), but it is not true in general that ag^E^) = (XE,(^,EI). For instance, take 154 FELIPE CANO n = 2, D = xB/8x 4-x8/8y, E^ = (x=0) and E=0, then OE^) = ^ ^ (XE(^) = ^/x.
1.3.
Let us fix a normal crossings divisor E of X . A closed subscheme Y of X is said to have « normal crossings with E » iff for each closed point P of Y there is a regular system of parameters p = (x^, .. .,x^) suited for E at P and sets Bj^ c {1,.. .,n}, j = 1, ..., I (j runs over the irreducible components of Y) such that Such a regular system of parameters will be called « suited for the pair (E,Y) at P». Note that Y must have a reduced structure.
Let Y be a regular subscheme of X having normal crossings with E and let n: X' -^ X be the blowing-up of X with center Y. Then E' = Tt'^EuY) is also a normal crossings divisor. Let Q) be a unidimensional distribution, multiplicatively irreducible and adapted to E over X. Then there is a unique unidimensional distribution 2' multiplicatively irreducible and adapted to E' over X' such that
In-^x-Y) = ^IX-Y vla ^e induced isomorphism between the tangent sheaves of TC-^X-Y) and X -Y. We shall say that (X',^,E') is the strict transform of (X,^,E) by n.
There is a slight difference between the above procedure and the usual blowing-up of a foliation (for instance, if n is quadratic, i.e. centered at a closed point). Assume that E = 0, then the strict transform of the foliation ^o, is not in general the foliation e^', but it is the foliation ^a(^)-Moreover, if {(XO'^O^OW^o, .... N ls a sequence of blowing-ups, (i.e. (X(0,^(0»E(0) ls ^e strict transform of (X(f-l),^(f-l),E(f-1)) by the blowing-up n(i): X(Q -. X(i-1) centered at YO--1), i = 1,...,N) we deduce easily that if (X(N),^(N),E'(N)) is the strict transform of (X(N -1), a(^(N -1)),0) by TC(N), then a(@(N)) == a(^'(N)). Hence we have to consider only the last ^(N) in order to compute the strict transform of ^^(G) under 7i(l) o.. .0 7t(N).
Let Pe Y be a closed point, let p = (x^,... ,xJ be a regular system of parameters suited for (E,Y) at P and let us assume that I(E)p == ( Ft of X' such that Ti(P') = P. The morphism n induces an inclusion x,p ^^x'.p'• Under this inclusion, we can find a regular system of parameters p' = (x\, ..., x;,) of ^,p' such that there is an index i' o e B and scalars ^ e fe, i e B -{i'o} such that (1. 3.2) x, = x;, f^B -{to} = (^+^-)^, feB -{fo}.
The exceptional divisor TC'^Y) is given locally by x^ = 0 and E' is
given by ]"[ x; = 0, where A' = (A-B) u {i^} u {i e AnB;^=0}. If
p is generated by D = ^ a,x, S/Sx, + ^ fl^/Sx,, then ^. is generated The integer ^ may be negative and it is the maximum power of x\ which divides a\, i = 1, ... n.
1.4.
Let 2 be a unidimensional distribution adapted to a normal crossings divisor E. For each closed point P of X, the adapted order v(^,E,P) is the maximum integer m such that Qp c r^SxpEE] where T| is the maximal ideal of ^x,p-The adapted order is the minimum of the orders of the coefficients of a generator of^p.
If EI c: E, we have (1.4.1) v(^,E,P) ^ v(^,Ei ,P) ^ v(^,E,P) 4-1.
If (X'^E'^') is the strict transform of (X,E,^), then for each closed point P' ofX' (1. 4.2) v(^,E',P') ^ v^.E^P')).
This result motivates considering the adapted situation in order to study the desingularization of a unidimensional distribution rather than the non-adapted case (see [5] , [6] , [7] ).
1.5. [6] is devoted to the proof that if n = 3 we can obtain, at least punctually, that v(@,E,P) ^ 1 for all P, after a finite sequence of blowing-ups. [9] partially globalizes this result. The transition v = 1 to v = 0 has a special behaviour (see [5] for the case n = 2) and we shall treat it in the Appendix.
From now on, we shall assume that n = 3, that E is a normal crossings divisor of X and that Q is a unidimensional distribution, multiplicatively irreducible and adapted to E, such that for each closed point P of X we have
We can think of (X,E,^) as a final situation after a procedure of reduction of the order by means of blowing-ups. In this way, E may be looked at as the exceptional divisor of the composition of all these blowing-ups.
Normal crossings for Sing (^,0).
2.1. Let (X,E,^) satisfy the assumptions of (1.5). Then Sing(^,0) = Sing^^) is a Zariski closed subset of X. Let us assume that
where S,(^) is the union of the irreducible components of Sing (^,0) of dimension!, i = 0, 1,2. Note that we can have S^) ^ 0 since Q) is not necessarily multiplicatively irreducible with respect to0. On the other hand, we always have (2.1.2) Sing(^,0) c= E and hence the irreducible components of S^Q) are also irreducible components of E. Let us call them « dicritical components of (X,E,^) ».
In this paragraph we shall prove that after a finite sequence of quadratic blowing-ups we can assume that Sing(^,0) and E have normal crossings at the points P with e(E,P) < 2 and this property is stable under « permissible » blowing-ups at the points P with 6?(E,P) = 1. Proof. -A fixed suited regular system of parameters for the pair (E,Z) at P may be easily modified in order to obtain a regular system of parameters suited for (E,Z) and (E,Y) at P, hence suited for (E,ZuY) at P. (hence Y has normal crossings with E' at each closed point P'GTC'^P) such that e(E',P') ^ 2).
PROPOSITION. -Let Pbe a closed point of X and let (X',E'^') be the strict transform o/(X,E,^) by the quadratic blowing-up n:X' -^X centered at P. Let us denote by S^W the strict transform of
Remark. -L may coincide with one of the projective lines Proj(Tp(E,).
Proof. -Necessarily Y = u {1-dimensional irreducible components of Si^nTt-^P)}. Thus, let us look at Sing (^,0) n TT^P).
If (?(E,P)=O, then we can take a regular system of parameters (x,^,z) of O^p (formal completion of ^x,p) such that ^p is generated by 8/8x. Now, by (1.3.4), Sing(^,0) n TI-^P) consists in exactly one closed point, hence Y = 0. Assume now that e(E,P) = 1 and let (x,y,z) 1 58 FELIPE CANO be a regular system of parameters of ^x,p suited for (E,P), such that I(E)p = x.^x,p-If v(^,0,P) = 0 then (x,y,z) c= ^x.p^ "^Y b^ chosen, in addition to the above properties, to be such that ^p is generated by 8/8y. Now, we can reason as above and hence Y = 0. Assume now that v(^,0,P) = 1 and that 0 s ? is generated by where cl 1 denotes the image in w'/w^1, m = maximal ideal of ^x,p» and x, y, z are the initial forms of x, y, z, respectively. Let us identify 7c-l (P)= Proj(TpX) and let P'== [(1,^)] GTC-^P). Now, a regular system of parameters (x\y\z') of ^x',p' ls given by the equations (2.3.5) T(l,i;,y: x = x\ ^=(/+0x\ z=(z-+^.
By (1.3.4), v(D\0,P')= 1 iff (2.3.6) a + (P-l).^ + y.^ = 8 + e.^ + (v|/-l)^ = 0 (otherwise v(^y,0,P / ) = 0). If (2.3.6) does not define a 1-dimensional linear variety L, then we are done, since then Y must be contained in Proj (TpE). Otherwise, let L be the projective line given by L. We deduce easily that
L c: Y c L u Proj (TpE).
If ^(E,P) = 2 or 3, we can reason as above by replacing in (2.3.7) Proj (TpE) by Proj(TpEf), where E, are the components of E through P.
COROLLARY. -There is a finite sequence of quadratic blowingups
such that if (X(f),E(0,^(0)» i= 1, ...,N is the strict transform of (XO--l),E(f-l)),^(f-l)) and (X(0),E(0),^(0)) = (X,E,^), then :
1° n(i) is centered at a closed point P(i-l) of X(f-l) such that e(E(i-l),P(f-1)) < 2 and Si(^(f-l)) does not have normal crossings with E(;-l) at P(i-l). 2.5. Since Sing (3>,0) has normal crossings with E iff S^(^) has normal crossings with E (see (2.1.2)), then, after a finite number of quadratic blowing-ups we can assume that Sing(^,0) has normal crossings with E at each point with ^(E,P) ^ 2. We shall prove in Paragraph 4 that we can obtain that Sing(^,0) and E have normal crossings after a finite number of quadratic blowing-ups, even if (E,P)=3. Note that L(D;Y;P) can also be defined as above if one has the following condition (which corresponds to the fact that Y is an integral variety of Q):
Some properties of the eigenvalues of L(D;Y;P) will serve us to define the final situations in the next paragraph. But first, let us study the effect of a permissible blowing-up over the normal crossings property of Sing (^,0) with E. Proof. -If 7i is quadratic, then a) follows from (1.4.2) and b) follows from 2.2 and 2.3. If efE^P') ^ 2, then c) also follows from 2.3. Now, assume that e(E f ,P f ) = 3. Taking the notations of the proof of 2.3, we have to prove that P'^ L, but if P'eL, then \|/ -1 = 0, hence v| / = 1 and we contradict the assumption of c).
Let us assume that n is monoidal. In order to prove a), let 0=71(0') and assume first that ^(E,Q) = 1. Let us fix a regular system of parameters (x,^,z) suited for (E,Y) at Q such that I(E)o = (x) and I(Y)o = (x,z) (recall that Y c: E). Let us use the notation of (2. Let us prove b) in the case 6?(E,P) = 1 (we can proceed in a similar way for the cases e(E,P) = 2,3). In view of 2.2 and since it is enough to show that Sing(^,0) n TI'^Y) has normal crossings with E' at P'. Since e(E',P') = 1, by (2.8.3) one has that P'e Sing (^,0) in the following cases :
1° v| / -1 ^ 0, (; = -5/(\|/-1). Then Sing (^,0) n n-^Y) is given locally at P' by x' == (v|/-l)z' + /^(/.z 7 ) == 0, which defines a regular curve having normal crossings with E' at P\ 2° v| / -1 = 8 = 0 (no restriction on Q. Then Sing(^,0) n TT'^Y) is given locally at P' by x' = /^(/.z.pr) = 0. If 0=0, then 7i-^Y) c Sing(^,0) locally at P' (hence globally). If 0(0,0) ^ 0, then one has the « vertical» curve x' = y 1 == 0. If 0(0,0) = 0, one has two 1-dimensional components x' = / = 0 and x' = 0(/,z') = 0 each one is regular and Sing(^,0) n TI-^Y) has normal crossings with E' since cl 1 (0) = Ky' + HZ', n ^ 0. In this last case, one can say something more: there is at most one value of ^ for which this case can occur, since 0 = \\,z' +/(...).
FELIPE CANO
Now, let us prove c) in the case ^(E,P) = 1 (one can proceed in a similar way for the cases e(E,P) = 2,3). In view of fc), it is enough to look at P' with e(E\P') = 2. If v| / -1 ^ 0, by (2.8.6) one has that Sing(^,0) n TI'^Y) is given locally at P' by z' = x' = 0 and hence has normal crossings with E' at P'.
2.9.
Remark. -In the case v| / = 1, we can show that all the components of Sing(^,0) n TT'^Y) are nonsingular, but they may not have normal crossings with E\ For instance, if ^p is generated by
one has that for P' = [(0,1)], 0>'p. is generated by
and Sing(^,0) n TI'^Y) = (x=z=0) u (x-y 2 =z= 0) which are two nonsingular components, tangent one to another.
Final forms.
3.1. Let PeX be a closed point such that e(E,P) = 1 and v(^,0,P) = 1 (recall the assumptions of 1.5). Let us consider thê -linear map
given in 2.7. Since P is a closed point, In(I(P)p)i is exactly the k-vector space of the linear homogeneous forms in Gr(^xp). Since e(E,P) = 1, E is regular at P and we have In(I(E)p)i c: 
2) A(^;E;P) = {^(D)/^(D)^(D)/K,(D)}
is well-defined and does not depend on the generator D of 2.
DEFINITION. -Let PeX be a closed point such that
e(E,P) = 1 and v(^,0,P) = 1 (yve always assume ^-(^,E,P) = 0). The point P is said to be « simple » for (X,E,^) iff 
DEFINITION. -(X,E,^) is said to be in the « first final situation » at a closed point PeX iff Sing(^,0) has normal crossings with E at P in the case e(E,P) = 1 and one of the following properties holds : a) v(^,0,P) = 0, i.e. P is a regular point of ^. b) P is a simple point for (X,E,^). c) P is a simple corner for (X,E,^).

Remark. -1. (Dicritical situation).
If E^ is a component of E such that EI c= Sing(^,0), then each closed point of E^ is a simple point or a simple corner (in both cases there is only one eigenvalue different from zero).
2. If 6?(E,P) = 0 (hence v(^,0,P) = v(^,E,P) =0) and n:X' ^X is the quadratic blowing-up centered at P, then exactly one point of K~1(P) is a simple point of (X',E',^'), the other ones being regular points of Q)'.
3. We shall see later (paragraph 5) that the above «first final situation » generalizes the known final situation for dim X = 2 (see [12] , [10] ).
4. In paragraph 4 we shall see that the above first final situation may be reached punctually by blowing-ups, but it is not possible to reach it for all the points PeX at the same time. Proof. -Let us assume first that Y = {P}, hence n is a quadratic blowing-up.
1. a) Since P is a simple point, one can take a regular system of parameters (x,y,z) of (P^p suited for (E,P), such that I(E)p = (x) and such that there is a generator D of ^p having one of the following properties :
where |3,v|/^Q+.
^, c/^z)) = ^ + PZ, where P^Q+ (see [4] and [9] ). Let P'en-^P) be such that e^E'.P') = 1. Then P'= [(U,Q] and we have the equations
in the case A, and
in the case B. Now, if (^) ^ (0,0), then v(^',0,P') = 0. If (^) = (0,0), then P' is a simple point of the same type (A or B) as P. Note that in general one has to make a coordinate change y^ = y' + 'kx\ Zi = z' 4-HX' in order to obtain property A or B.
b)
With the notation of 1. a), let us assume now that e(E\P') ^ 2 (hence efE',?') = 2). Then P' = [(0,1,£,)] or P' == [(0,0,1)]. In the first case we have the equations (3.6.5) T(0,U):
in case A, and
in case B. Assume that v^^.P') = 1 (this occurs iff (v|/-P)^ = 0 in case A and never in case B), then the eigenvalues of L(D';Z';P'), where l(Z')y == (x',y'), are 1 -P and P. Since P/(1-P)^Q+, we have a simple corner.
Assume now that P' = [(0,0,1)]. Then we have the equations:
in case B. We always have \|/(^,0,P') = 1. The eigenvalues of I^D^OC^Z^O);?') are 1 -\|/ and v| / in case A (resp. 1 -P, P in case B) and we can reason as above.
1. c) P is a simple corner iff there is a regular system of parameters (x,y,z) of 6^,p suited for (E,P) and a generator D of ^p having the following properties : for some \|/6fe. If v| / = 1, dividing D' by D'(z')/z' and interchanging x' and z\ we obtain (3.6.11). If v| / ^ 1, then either (P-v|0/(l-\|/) or v|//(l -v|/) is not in Q+. Now, dividing D' by D'(x')/x' and interchanging z' and / if v|//(l-v|/) ^ Q+, we obtain (3.6.11) and hence P' is a simple corner.
Let us assume now that Y is a permissible curve passing through P.
a), b).
Let us assume first that P is a simple point. Since Y <= E, we can take a regular system of parameters (x,^,z) suited for (E,Y) at P such that I(E)p = ( 
(note that P-l^Oandp-2^0 since P ^ Q+) we see that P' is a simple point with A(^;E';P') = {P-1,0}. Now, let P' = [(0,1)] en~1 (P). We have the equations 
and we have a simple corner since P/(1-P)^Q+.
2. c) Let us assume that P is a simple corner. We can take a regular system of parameters (x,y,z) suited for (E,Y) at P, satisfying (3.6.11) and such that I(Y)p = (jc,y), Qc.z) or (^,z). If I(Y)p = (x,^), then we can apply the above computations (of 2 a), b)) and we obtain simple corners or regular points for (X'.E',^'). Let I(Y)p = (x,z) (this implies P = 0). After TM((l,Q;(x,z)) (see (2. 
4.1.
In this paragraph we shall construct a local invariant Inv (^,E,P) which decreases strictly each time a permissible center containing P is blown-up. It also decreases strictly after finitely many steps of a global process. The property Inv(^,E,P) = 0 means «first final situation» and it will be reached « punctually » after a finite number of steps.
4.2.
Let (X,E,^) be as in 1.5 and let P be a closed point such that PeSing(^,0). Let us fix a component Ei of E, PeE^, such that the order \|/(^(I(Ei)p)) is 1. Then, there is a generator D of ^p such that if I(Ei)p = /.^x,p', then and P is a simple point iff e(E,P) = 1 and c(^,E,E;P) = 0. Moreover, if 6?(E,P) ^ 2 and c(^,E,Ei;P) = 0 for some E^ (having the property v(D(I(Ei)p)) = 1, then P is a simple corner. Let us define the invariant c(^,E,P) by with the above notation). In this case, the invariant n(^,E,P) is defined to be (4.3.2) n(^,E,P)= h ^ a,. We always have c(^,E,Y;P) ^ ^(E,P) -1 and the point P is a simple corner iffc(^,E,Y;P) < e(E,P) -1.
(Note also that if (E,P) = 3 = dim X, then c(^,E,Y;P) = c(^,E,P)). As in (4.3.1), let us define (4.3.5) h = ^,E,Ei,Y; P) = min {p e Z^; pp. G Z^ for all i e J}, and (4.3.6) n(^,E,Ei,Y;P)=A ^ p..
I 6 j
If e(E,P) ^ 2 and P is not a simple corner, then for any two components Ei and E^ of E such that v(^(I(Ei)p)) == (^(E^p)) = 1, we havê ^ ^ c(^,E,Ei,Y;P) = c(^,E,E2,Y;P) = e(E,P) -1 n(^,E,E,,,Y; P) = n(^,E,E2,Y ;P) and in this case we shall define One has c' ^ c = 1 and 6?(E',P') = 2 > ^(E,P) == 1, hence (4.5.1).
There is a regular system of parameters (x,^,z) of ^x,p suited for (E,Y) and a generator D of ^p satisfying 
10). Hence c' ^c, e(E,P) = e(E\P') and if c 1 = c = 1, then n'^p<p-{-q=n.
If 7i is monoidal centered at (x,z), then e.= p = 0 and hence P is a simple corner. Since P is not a simple corner, we have P, \|/eQ+. In particular, p ^ 0 7^ v^, and hence K is never monoidal. Writing P = p/q, v| / = r/s, q = mq^, 5 = ms^, then n = mq^s^ + pSi + r^ as in (4.5.4). If P' = [(l^^eTi-^P) or P' = [(0,1,;;)] with (^) ^ (0,0), resp. ^ 0, then c' ^ c by arguments as in (4.5.13). If (^) = (0,0), resp. ^ = 0 then c' ^ c, 6?(E\P') = 6?(E,P) =3 and if c' = c, then n' < n as in (4.5.6). Note that since P, v(/eQ+ , we have (4.3.7). This ends the proof of the theorem.
4.6. Now, we shall construct an invariant, called «date of birth », which will allow to run on the trees of infinitely near points «horizontally» rather than «vertically». This kind of invariant has already been used in [7] and [9] .
Let E be a normal crossings divisor of X. Put E = E(0), X = X(0). Let us fix an infinite sequence of blowing-ups (4.6.1) y = {7i(0 : X(Q -^ X(f-1)},^ , such that for each i ^ 1, n(i) has a non-singular center Y(i-1), having normal crossings with EQ'-l), where E(Q = ^(O'^EO'-l)uY(f-1)) with reduced structure (hence E(f) is a normal crossings divisor of X(i)). We assume also that dimYQ') ^ dimX(Q -2 = dim X -2.
Assume that E = E(0) has n 4-1 irreducible components and let 
. u E,-,(Q u E,(Q where for j ^ i -1, E/f) is the strict transform of E/f-1) by n(i) and E,(f) is the exceptional divisor ^(O'^YO'-l)) of n(i).
DEFINITION. -Let us fix an index i ^ 0 and let Y c E(f) be an irreducible closed subscheme ofX(i) having normal crossings with E(f).
Then the « date of birth » dat (Y;E(f)) is defined to be
DEFINITION. -Let (X,E,^) be as in 1.5. Let us denote (X(0),E(0),^(0)) = (X,E,^). Let us fix a sequence ^ of blowing-ups as in (4.6.1). The sequence ^is said to « respect the procedure of reduction » iff the following properties hold for each i ^ 1 :
a) The center Y(f-l) is a permissible center for (XO'-l),E(f-l),^(f-l)). We shall denote by (X(f),E(0,^(0) the strict transform of (X(f-l),E(f-l),^(f-1)) by n(i).
b) If S i(^(i'-l)) does not have normal crossings with E(f-l), then the center Y(f-l) of n(i) is a closed point of X(i-l) such that Si(^(f-l)) and E(f-l) do not have normal crossings at Y(f-l).
Moreover, we assume that dat (Y(f-l);E(f-1)) is minimal.
c) Assume that S^(Q>(i-l)) and E(i-l) have normal crossings. If there is an irreducible component of SQ^^-I)) u Si(^(f-l)) containing at least one point which is neither a simple point nor a simple corner, then the center Y(i-l) of K(i) is such an irreducible component having minimal dat (Y(f-1); E(f-1)).
d) Otherwise, the center Y(f-l) is an arbitrary closed point of XQ-1).
Remark. -A sequence which respects the procedure of reduction always exists. We have put d) above in order to assure the infiniteness of the sequence in the case that the «first final situation » is globally reached. Proof. -First, let us prove that a) implies b). Assume that i is an index such that P(f) is neither a simple point nor a simple corner. Let ; ^ i be the first index such that P(/) e YQ'). By theorem 4.5 we have (4.10.1) Inv(^0'+l),EO+l),PO'+l)) < Inv (^(f), E(Q, P(0) (strictly).
DEFINITION. -Let us take the notation of 4.8 and let us fix a sequence ^ which respects the procedure of reduction. A « sequence of infinitely near singular points for (X,E,^) in S » 15 a sequence
We shall say that the sequence £ is « non-degenerate » iff for each index i such that P(i) is neither a simple point nor a simple corner, or Sing (^(f),0) does not have normal crossings with E(f) at P(i), then there is an index j ^ i such that P(j) e Y(/).
THEOREM (reduction theorem). -Let us fix a sequence ^ which respects the procedure of reduction and let us fix a sequence of infinitely
Hence there is an index M such that for each i ^ M, P(f) is a simple point or a simple corner (theorem 3.6 assures that this property is stable under permissible blowing-ups). Let us consider now P(M), which is a simple point or a simple corner. There are two possibilities : 1) Si(^(M)) has normal crossings with E(M) at P(M).
2) The above is not satisfied.
In the first case P(M) is in the first final situation and by 3. Now, let us prove that £ is non-degenerate. It is enough to prove that there is an index j ^ 0 such that P(j) e Y(/). We shall reason by contradiction, assuming that for each j ^ 0, PC/)^Y(/). This is equivalent to Hence in a finite number of steps we have h = 0, and we obtain the desired contradiction.
Let us assume now that Si(^(0)) and E(0) have normal crossings at P(0). Let ) and has normal crossings with E(l) at P'(l) if ^(E(1),P'(1)) < 2. Let us prove that this assertion is also true in the case ^(E(1),P'(1)) == 3. Then reasoning as in 2.4, after a finite number of steps we have normal crossings at P'(Q and we obtain the desired contradiction. Let us take the notation of 2.3 and assume first that 6?(E(0),P'(0)) = 2. Hence we have a = y = 0 and P^Q+. Thus (2.3.6) is 
4.11.
Remark. -We cannot expect that for some step N all the points of X(N) are regular points, or simple points, or simple corners. Take, for instance, the following example: X = A^C), Q) is globally generated by where E = (x = 0). We have infinitely many singular points (0,0,p/^) which are not simple points. Except for a finite number of these points, we have (if we want to desingularize) to blow-up the line x = y = 0. Hence the desingularization is essentially the same as x8/8x + (p/q)y8/8y in dimension two. But the number of blowing-ups needed for this depends on Euclides' algorithm for dividing p/q, which is not uniformly bounded.
Dimension two revisited.
5.1. In this paragraph we shall briefly recall the analogue of 4.10 for the case dim X = 2 (without any restrictions on the initial situation (X,E,^)).
THEOREM ([5]
, §3, cor. 2 and §4, th. (4.2) ). -Let us assume that dim X = 2, E is a normal crossings divisor of X and ^ is a unidimensional distribution over X, multiplicatively irreducible and adapted to E. Then there is a finite sequence of quadratic blowing-ups Note that if v(^,E,P) = 1, then Inv (^,E,P) = 0 since ^Ai ^ 0 in view of b) of (5.2.2). The number of closed points PeX such that Inv (^,E,P) > 0 is finite. (Note that if E^ is a component of E with EI c:Sing(^,0), then Inv(^,E,P)=0 for each PeE^). Let a(@,E) be the maximum of the numbers Inv (^,E,P) and let fc(^,E) be the number of closed points P such that Inv (^,E,P) = a(Q),E). The invariant
decreases strictly each time one makes a quadratic blowing-up centered at a closed point P with Inv (^,E,P) = a(Q,E) + 0.
Thus, after a finite number of steps we can obtain the following « final situation » for (X,E,^) :
The above situation agrees with the classical one (see [12] ) except for two slight differences: first of all, the classical situation takes 3) multiplicatively irreducible and adapted to 0 = E, thus in order to obtain the classical situation one has to divide D by the equations of the components E^ of E such that E^ c: Sing(^,0). Secondly, in the classical situation one does not distinguish whether an integral branch (i.e. a branch F which is tangent to Q); algebraically this is equivalent to saying that ^p(I(r)p) <= I(F)p) of the final situation comes from an integral curve of the initial situation or has been created in the process. In our situation, the initial integral branches correspond exactly to the points of Sing (^,0) which are not «corners». See below and paragraph 7 for more details. for a certain regular system of parameters (x,y) of (P^p suited for (E,P). Easy computations from (5.4.1) show that P is transformed only into corner points or into regular points under a quadratic blowing-up. The «simple corners» of 3.3 have the same property (see 3.6 c)). In particular, there is no integral branch passing through these corners, different from the components of the divisor. In fact, the desingularization of this branch would create a singular point of 2 which is not a corner. See also paragraph 7.
5.5. In the situations a) and ft) of (5.2.2) the linear map L(D;{P};P) is not nilpotent (i.e. there is at least one nonzero eigenvalue). We shall say that P is a «pre-simple» point iff L(D;{P};P) is not nilpotent. Being pre-simple or regular is stable under blowing-up. Moreover, if PeE (i.e. e(E,P) ^ 1), then pre-simple is equivalent to a) or b) of (5.2.2). Hence, after one blowing-up of a pre-simple point, we always have a) or b) of (5.2.2) at the singular points.
Second final situation.
6.1. Thoughout this paragraph we shall assume that dim X = 3 and that (X,E,J^) satisfies the assumptions of 1.5.
Let us fix an irreducible component F of E and let us denote by E/F the normal crossings divisor of F given by (E-F) n F. Then we can define an ^p-submodule of Sp[E/F], denoted by ^/F, which is given locally at each closed point P e F in the following way. Let (x,y,z) be a regular system of parameters of ^x,p suited for (E,P) such that I(F)p = (x). Let us denote also by (y,z) the induced regular system of parameters in ^pp (which is also suited for (E/F,P)). Let D be a generator of ^p. Then (^/F)p is generated by an element D/F e SptE/F] satisfying As in 4.9, we shall say that a sequence E of infinitely near singular points for (X,E,^) in y is « non-degenerate » iff for each index i such that (X(f),E (f),^(i)) is not in the second final situation at P(f), there is j ^ i such that P(/) e Y(/). . Assume E,(0) 4= Sing(^(0),0). We can also assume that P(0)eEs(0) and P(l)eE,(l). Denote F = E,(0), F = E,(l). Then P(0) is either a regular point or a pre-simple point of (F,E(0)/F,aE(o^(^(0)/F)). Let KF : ¥' -> F be the restriction of n to F. Then Hence ^(l)/Ei(l) is generated at P(l) by
Thus P(l) is a pre-simple point of (6. Since P^Q+, (1-\)/, P-v|/) ^ (0,0) and P(l) is a pre-simple point of (6.4.2) for F = Ei(l). Hence 1 ^ 1(1). This ends the proof of 1(0) ^ 1(1).
In order to prove that # 1(0) > # l(i) for some i, let us fix 5 e 1(0). By 5.2, there is an index i such P(f) is either a regular point or a pre-simple point of (6.4.10) (E,(0,E(0/E,(0,aE,^^,(^(i)/E,(0)) and hence 5 ^ I(i').
Let us prove that £ is non-degenerate. Assume that the following statement is true : Then we can reason as in the proof of 4.10 a) and Z is nondegenerate. In order to prove (6.4.11) we can reason as in the proof of (4.10.12) together with the above argument to prove # 1(0) > # 1(0. This ends the proof of the theorem. 6.5. PROPOSITION. -If (X,E,^) is in the second final situation at P e X and n :X' -> X is a quadratic blowing-up, then (X',E\Q!') is also in the second final situation at each P' such that n(P') = P. If K is monoidal mth permissible center, then a) and c) of (6.2) hold for each P' such that n(P') = P.
Proof. -If 7i is quadratic, then the result follows easily from the proof of (4.10.12) and 6.4. Assume that n is monoidal. By 3.7, we have 6.2 a) for P'. Let F be an irreducible component of E at P, such that F cj: Sing(^,0). Let Y be the center of n and let us denote by F' the strict transform of F by n.
Assume first that Y c: F, hence TT : F' -> F is the identity morphism and since Y c: Sing (^,0), we deduce easily that ^^(Q'IV) = a^^^/F) at the point P = P\ If Y 4: F, then n: ¥' -> F is a quadratic blowingup and by (6.4.2) and 5.2, P' is either a regular point or a pre-simple point for (F.EVF'.aE'/pWF')) • Assume now that F^TI-^Y). If 6?(E,P) = 1, the result follows from (3.6.17) and (3.6.19). If 6?(E,P) ^ 2, the result follows from (3.6.20), (3.6.21) and also (3.6.17) and (3.6.19).
6.6.
Remark. -1) The second final situation is not stable under permissible blowing-ups, as we see from the example (2.9.1).
2) In general, we cannot expect to obtain that (F.E/F.ag/^/F)) be in the final situation described in (5.3.2) and (5.3.3), even for the simple corners. For instance, let X = A 3^) , E = (xyz)==0) and let Q) be globally generated by
where n e N. Then origin is the only point in Sing (^,0). If F = (x = 0) then ae/F<^/F) is generated by
which does not satisfy (5.3.3). If n: X' -^ X is the quadratic blowingup centered at the origin, for the point P' = [(1,0,0)] e 7i~1 (origin) we obtain that ^p' is generated by
f and this situation is repeated indefinitely.
Integral branches.
7.1. In this paragraph we shall describe the integral branches of (X,E,^) which are not contained in E in terms of the first (or second) final situation which we can obtain by means of permissible blowingups. This gives a description of the leaves of a foliation ^g, with isolated singularities in the case when (X,0,^) may be transformed into (X',E',^) as in (1.5) by means of blowing-ups at the points of Sing (^,0) or points (possibly not closed) which project (under the successive transformations) into Sing (^,0).
DEFINITION ([4]
, [8] ,...). -Let PeX be a closed point, a «branch» at P will be any integral irreducible closed subscheme of dimension 1 of Spec (^x,p^) -Given a branch F at P let us denote by I(F) the ideal of F, I(F) c Ox/.
Let 2 be any unidimensional distribution over X. Then 2 defines a submodule ^p^of Der^x/) • The branch F is said to be an «integral branch » of 2 at P iff Proof. -T \-> V is a bijection between the branches of X not contained in E and the branches of X' not contained in E'. Now, it is enough to show that F is an integral branch of Q iff Y' is an integral branch of Q'. Let F be a branch at P e Y (otherwise the result is easy) and assume F is a branch at P'eTC'^P). Let / be a local equation of TT'^Y) at P'. Let p, be as in (1.3.3) and let v be the multiplicity of F at P. Since F 4: TT^P), we have b) If P is a simple point, then there is exactly one integral branch F through P which is not contained in E, the others are contained in E. Moreover, F is a regular branch. c) If P is a simple corner, then every integral branch through P is contained in E.
Proof. -a) P is a regular point of Q) and hence there is only one integral branch r through P and, in addition, F is a regular branch. Since ^(I(E)) c I(E), it is easily seen that F c: E. c) Assume that r c): E is an integral branch. By a) and 7.3 the sequence of infinitely near points of F cannot touch a regular point. Hence, by 3.6 c) all of them must be simple corners. But this is not possible, since if F 4: E, then after finitely many blowing-ups F is regular and touches exactly one component of the divisor. b) First, let us prove the uniqueness. Assume that F + V are integral branches through P. By 7.3 and by 3.6 a), &), the sequences of infinitely near points of F and V agree, hence F = V : in fact, the above sequence cannot touch either a regular point (by a)) or a simple corner (by c)), hence each time we have the simple point given by 3.6 a). This also implies that r is regular. In order to prove the existence, let us fix a coordinate system (x,^,z) in ^x,p , such that the point P' of 3.6 a) is successively given by [(1,0,0)]. Assume that Qfp is generated by a) There is an index N such that for each i ^ N, then P(f) is a simple point. In this case we shall say that £ «stabilizes at simple points ».
7.6.
COROLLARY. -Let y be a sequence which respects the procedure of reduction (or the second procedure of reduction). Let us fix a point P e Sing (^,0). Then there is a bijection between the integral branches of ^ not in E and passing through P and the sequences of infinitely near singular points in ^, starting at P and which stabilize at simple points.
Proof. -Follows from 7.3 and .7.4, 7.7. Remark. -In this paper we do not consider the convergence problems for the integral branches in the case k = C (see, e.g. [3] ).
Appendix.
A.I. Assume that dim X = 3. Let E be a normal crossings divisor of X and let Q be a unidimensional distribution, multiplicatively irreducible and adapted to E over X. The main result of [6] (th. I (4.2.9)) asserts that after finitely many permissible blowing-ups we can have v(^,E,P) ^ 1, at least « punctually ». Moreover, the techniques of [6] work without essential obstruction for the case v(^,E,P) = 1 and P being not of «type zero » (see [6] ). In the case v(D,E,P) = 1, «type zero » is equivalent to the fact that L(D;{P};P) is not nilpotent (hence it has a nonzero eigenvalue). In this appendix we shall consider exactly this situation, i.e. v(^,E,P) = 1 and type zero. Moreover, we shall assume that Sing (^,0) <= E, which can be achieved by a sequence of permissible blowing-ups (see [6] and [7] ). [7] ). -Let us consider the ideal A.3. THEOREM ( [7] , 11.2.4) -Assume that n: X' -> X is the quadratic blowing-up centered at P and let (X^E 7 ,^) be the strict transform of (X,E,^). Let ?'e\ 1 be such that Ti(P') = P and v(^\E',P') = 1. Then a) P'€Proj(Dir(^,P)) c: Proj(TpX) = Tt-^P).
A.2. DEFINITION (See also
b) dim Dir (^,P') ^ dim Dir (^,P).
A.4. THEOREM. -Assume that dim Dir (^,P) = 1. Then one of the following two possibilities holds : a) After finitely many quadratic blowing-ups centered at the point given by A.3 a), each point over P has adapted order equal to zero.
